We study excitation transfer dynamics in a lattice of two level systems characterized by dynamic disorder. The diagonal and off-diagonal energy disorders arise from the coupling of system and bath. We consider both the same and the independent bath limits. In case of independent bath all diagonal and off-diagonal bath coupling elements fluctuate independently of each other and the dynamics is complicated. We obtain the time dependent population distribution by solving Kubo's quantum stochastic Liouville equation (QSLE). The main result of our study is both the population transfer dynamics and the mean square displacement of the exciton behave the similar way in the same and independent bath cases in the Markovian limit. However, these two baths can give rise to markedly different behavior in the non-Markovian limit where coherent transport becomes important. We note that previously only the same bath case has been studied in the non- 
INTRODUCTION
Diffusion of a tagged particle in a classical random system is well-understood in terms of a random walk of the particle in a random dynamic environment. For example, in the liquid state, one can obtain an accurate estimate of the diffusion coefficient in terms of Stokes-Einstein relation. [1] [2] [3] [4] [5] Another interesting case is the diffusion of a Brownian particle that migrates in the presence of a quenched disorder, like a random barrier. 6, 7 However, the situation is different for quantum systems where the concept of friction is not well defined. Diffusion of a quantum particle is complicated by the presence of coherences that extend the size of the quantum entity (particle, hole, energy) that diffuses. There are also important issues like localization due to 3 randomness and the impact of purely quantum effects such as tunneling. Despite considerable work, study of quantum diffusion remained at its infancy.
Much of the discussions on transport in quantum systems are focused on localization of a quantum particle due to static randomness (that is, quenched disorder), as in Anderson localization. [8] [9] [10] [11] There are several studies and application of dynamical disorder [12] [13] [14] [15] [16] in classical system, however, quantum transport in the presence of a dynamic disorder has been less discussed. Dynamic disorder for quantum system has been used to describe line shape calculation, 17, 18 vibrational energy relaxation 19 and more recently to explore excitation energy transfer in photosynthesis as well as model systems (study on this field is provided in later part of this section). 20, 21 In case of dynamic disorder for quantum system, the localization may absent yet the quantum nature dominates migration, and the situation is quite different from the classical case. In this limit, there could be situations where diffusion coefficient might not exist in the sense that mean square displacement (MSD) does not increase linearly with time t even in the long time limit. Because of coherences, the growth of MSD can be faster than t . Several diffusion processes are known where MSD can either be sub-diffusive or super-diffusive. 22 An important example of quantum diffusion is provided by the migration of an initially localized excitation in a linear array of equally spaced two level systems. Migration is affected by off-diagonals terms in the interaction Hamiltonian. Since the bath fluctuates with time, the interaction is stochastic.
Despite the simplification of the model Hamiltonian also known as Haken-Strobl-Reineker (HSR) Hamiltonian, that is often employed in the analysis of migration of exciton, many aspects of this model remain unsettled. The most important lacuna is the unavailability of an analytical expression for the general case of the system interaction with a non-Markovian bath. In the case 4 of a non-Markovian bath, the importance of coherent transport can become enhanced to a great extent.
The initial theories of Haken-Strobl-Reineker [23] [24] [25] and of Silbey et al. [26] [27] [28] 
where system (exciton) Hamiltonian is defined as 0 ,
where 0 E is the energy of an electronic exciton localized at site k and kl J is the time independent off-diagonal interaction between excitations at site k and l . B H is the bath Hamiltonian which may be due to the phonon contribution and int H is the interaction Hamiltonian between the system (exciton) and the bath. In this work we consider the total Hamiltonian in the interaction representation of the bath Hamiltonian, so that the interaction V is time dependent and can be modeled by a stochastic function with known statistical properties. In this interaction representation, the Hamiltonian can be represented as follows,
S H t H V t 
where, setting 
Thus in the interaction representation, the coupling potential is time dependent which we write as , (  describe the effective rates of the diagonal and off-diagonal fluctuations.
In the Markovian limit 
This manner of expressing rate constants in terms of coupling constants and correlation times, and their limits is well-known. Later we provide comparison of the Haken-Reineker diffusion coefficient with our model.
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The main limitation of many of the previous works was the consideration in the Gaussian white noise limit. Bagchi and Oxtoby 29 discussed the limitation of these theories, using Kubo's quantum stochastic Liouville equation. 30 We shall return to this point later.
On the experimental side, Zewail and Harris, [31] [32] [33] in an elegant study, observed that a coherent state in a dimer can last for 4 10 exchange time between the dimeric states before the scattering of the phonon environment destroy the coherence or wave like motion of the exciton. 38 have studied energy transfer in conjugated polymers using FRET theory and observed that the excitation energy is photochemically funneled from smaller to larger chromophores upon excitation. Burghardt and co-workers 39, 40 have explained electronic coherence is preserved at shortest time scale and decoherence settles in longer time scales using non-Markovian system-environment dynamics by a hierarchical series of approximate spectral densities and also studied coherent excitations transfer starting from partially delocalized exciton state using model Hamiltonian for poly-phenylen-vinylene (PPV) 43 have investigated intra-chain exciton dynamics of a polymer in solution induced by the Brownian rotational motion of the monomers.
In another important application of excitation energy transfer, it has been observed that the efficiency of energy transfer from chromophores to reaction center in photosynthetic system is near unity. 44, 45 This type high efficiency in energy transfer suggests a possible way to make highly efficient artificial solar cell. But the main obstruction is due to lack of experimental and theoretical knowledge about the process. In photosynthetic systems chromophore are surrounded by proteins which play a crucial role in energy transfer process. Much of interests in this field arise because of presence of coherent energy transfer dynamics in noisy biological environment.
Pioneering work by Fleming and co-workers 46 have revealed long lived quantum coherence in FMO protein (Fenna-Matthews-olson) using two-dimensional Fourier transform electronic spectroscopy. Later quantum coherence has been observed in one of the most essential photosynthetic complex LHCII 47 . Lee et al. 48 have explored coherent dynamics in the reaction center of purple bacteria using two-color electronic coherence photon echo-technique. of the above studies have employed Markovian approximation which assumes either a short bath correlation time or weak coupling with the bath, as described by Eq. (7). The non-Markovian limit has not been studied in detail.
The main objectives of the present work are as follows:
To study the exciton transfer dynamics for discrete model system in both Markovian and non-Markovian limits.
(ii) To perform both theoretical and numerical analyses of exciton transfer dynamics for the same and the independent bath cases. We have separately considered the diagonal and off-diagonal fluctuations for the independent bath case. Bagchi and Oxtoby used the QSLE to explain exciton transport in one dimensional lattice considering same bath and independent bath for continuum model. In this study for the same bath case transport remains coherent for non-zero value of exchange integral (for both Markovian and non-Markovian limit) whereas for the independent bath case transport is incoherent in Markovian limit. Study of Haken and coworkers and also Silbey et al. have drawn the similar conclusion that exciton motion is diffusive for continuum model (Markovian theory).
II. QUANTUM STOCHASTIC LIOUVILLE EQUATION (QSLE) AND COUPLED EQUATION OF MOTION
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The present work is an extension of the studies of Haken et al., Silbey et al. and Bagchi-Oxtoby.
To obtain the QSLE, one has to start with the quantum Liouville equation and the formalism are provided as follows,
The master equation for probability measure can be expressed as,
where V is random variable, (V, ) Wt is the probability measure and V  is the stochastic diffusion operator.
Next we can define joint probability distribution
Reduced density matrix () t  can be defined as,
We recombine the above equations to obtain
This is Kubo's stochastic Liouville equation. In the subsequent steps, it is expanded in the eigenstates of the bath operator to obtain a system of coupled equations. The system of equations can be solved analytically in the continuum (in space) limit but usually solved numerically to obtain detailed behavior.
Coupled equation of motion for the same bath case
If 
where n is the site number.
Coupled equation of motion for the independent bath case
For the independent bath case the nearest neighbor diagonal and off-diagonal bath coupling elements are independent of each other i.e. they are uncorrelated with each other all times.
Though all the diagonal fluctuations are independent, we assume that fluctuation strength assumption can be relaxed without much difficulty, although the algebra gets more involved. The QSLE for the independent bath case can be written as
where j  is the stochastic force for j th random force.
Following the same procedure that we have already discussed for same bath case one can obtain coupled equation of motion of exciton for the independent bath case.
Let us consider a two sites model where two independent diagonal and one off-diagonal fluctuation are available. Hence one can write the coupled equation of motion for this system as follows (we have considered 1
For the independent bath case coupled equation of motion of exciton for 3, 5, 7 and 9 site model is solved using Eq. (15) (final equation is similar but the extrapolated version of Eq. (16)). In this case number of coupled differential equations is huge and we have solved numerically using Runge-Kutta fourth order method. In this study we have assumed exciton is initially placed at site 1 and considered diagonal as well as off-diagonal fluctuation separately. For independent bath case population for each site can be represented as follows,
where n is the site number, 1 The coherence is propagated through the excited state bath mode   1 t  for both same and independent bath case. If the diagonal and off-diagonal term of reduced density matrix in excited state bath mode is zero (or negligible), the exciton motion quickly attains diffusive behavior.
III. RATE EQUATION DESCRIPTION AND COUPLED EQUATION OF MOTION
Since the sites are identical and the noise is homogeneous and uniform, we can assign a constant rate of transmission from one site to another. Later we shall derive expressions of the rate in 
 
n Pt where n denotes the site number. We have numerically calculated the population of each site using Runge-Kutta fourth order method. We have assumed that only site 1 is initially populated. One can obtain the mean squared displacement for this type of discrete systems using the following formula
where n is the site number. One can calculate diffusion coefficient from the mean squared displacement.
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IV. POPULATION TIME CORRELATION FUNCTION (PTCF)
We have defined population time correlation function as follows, 
V. MEAN SQUARED DISPLACEMENT
Mean squared displacement (MSD) is a tool to obtain the diffusion coefficient of the system. In this work we have calculated MSD for three cases (1) the independent bath with off-diagonal fluctuation (2) 
For the independent bath case with off-diagonal and diagonal fluctuation separately for long time limit and in the Markovian limit MSD can be expressed as   
If one considers only diagonal fluctuation then diffusion coefficient can be expressed as We have observed from PTCF plot that in this limit the difference between the independent bath case (off-diagonal fluctuation) and the same bath case is also less. It is interesting to note that the independent bath (off-diagonal fluctuation) case shows diffusive motion of exciton in this limit whereas for same bath case no signature of diffusion is observed. In Fig. 7 we have plotted MSD for independent bath (diagonal fluctuation) at 
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In Fig. 8 
VI. RELATIONSHIP BETWEEN COHERENCE AND QUANTUM
DIFFUSION
In classical systems, a particle coupled to a stochastic bath with dissipation usually exhibits diffusive behavior in the long time, even in the non-Markovian limit. Notable exceptions appear when the motion cannot be reduced to a random walk, as in Levy flight where the second moment of the time dependent population distribution does not exist, and the mean squared displacement is super-diffusive. In the other extreme of motion on a fractal object, mean squared displacement can be sub-diffusive.
In the system studied here, where the particle or excitation moves on a regular lattice, diffusion is expected in the long time. In the classical limit, a particle can hop from site to site when there is a non-zero coupling between different sites so that a rate of transfer exists. This situation changes completely for quantum particles where coherence can prevent diffusive behavior to set in, even in a long time.
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The presence of coherence is reflected in the time dependence of population which exhibits an oscillatory back and forth behavior, as shown in Figs. 1 and 3 
As shown in Ref. (29) , these coupled equations can be reduced in the continuum limit to the following set of partial differential equations (where the dots represent time derivatives while the primes denote spatial derivatives)
and a is the lattice spacing. The other quantities are defined as follows   00 , 
From the Fourier transformation of Eq. 
We know that,
We use Eq. (34) 
34
We find diffusive behavior to emerge in the time going to the infinity limit as the first term dominates in this limit. This gives rise to a value of the diffusion coefficient as Eq. (36) is same as Eq. (21) for the case of 0 J  which suggests that for both the same and the independent bath case (off-diagonal fluctuation) MSD behaves in a similar manner. In this limit we have also obtained similar result from our numerical solution of the discrete models. We have recovered the diffusive behavior of exciton for both the same bath (long chain) and the independent bath case at long time limit for 0 J  from continuum model and also from discrete model before the saturation of MSD.
VII. DIFFUSION OF EXCITON IN LONG CHAIN LIMIT
Study of exciton transfer in a long chain (large number of site) is complicated because numerical calculation is computationally expensive. However it becomes simpler for the same bath case when 0 J  . Same bath case is computationally less expensive than that of the independent bath case due to the less number of coupled differential equation for the same bath than that of the independent bath. We have considered same bath case upto 51 sites and independent bath case upto 9 sites. The main motivation for considering large system is to obtain diffusion coefficient close to the analytical results for continuum model. 
VIII. CALCULATION OF RATE OF POPULATION TRANSFER AND DIFFUSION COEFFICIENT
One can carry out an analysis that makes connection with classical limit of quantum diffusion.
For one dimensional random walk 2 , diffusion coefficient can be expressed as follows
where k is the rate of hopping and a is the length of each step. We have used the derivation of Oxtoby 4, [74] [75] [76] for the calculation of rate of hopping.
The rate for the transfer process from i th states to the j th one, can be expressed by the use of Fermi-Golden rule as follows,
where i and j are the eigen-states of the system;  and  are the eigen-states of the bath.
Using the Fourier transform of delta function, Eq. (38) can be written as, 
For high temperature or classical approximation and for two states with same energy, the rate constant for the transfer process can be written as
We already have discussed that PTCF obtained from rate equation theory (rate constant is obtained from Eq. (44)) is close to the PTCF obtained from QSLE in the Markovian limit.
Substituting Eq. (44) into Eq. (38) we obtain the diffusion coefficient as follows, 3. In the Markovian limit, non-oscillatory decay of PTCF indicates energy transfer through incoherent hopping mechanism. In this limit quantum superposition is completely destroyed and energy transfer occurs through equilibrium phonon states. In this case one can use classical random walk or rate theories to explain the energy transfer dynamics.
We have also evaluated PTCF from simple rate equation to compare the result with QSLE description (both same and independent bath case (off-diagonal fluctuation)) in this limit. Though it is impossible to reach proper Markovian limit from our model, our In this work we have mainly focused on coherent vs. incoherent migration of exciton in non-Markovian and Markovian limit. Furthermore, one of the important aspects in exciton migration is the efficiency of exciton transfer. One can find high efficiency of exciton migration in case of partial coherent and incoherent transport. Cao and Silbey 49 have calculated the efficiency for small systems. In future we will extend our study to determine the efficiency of large system using QSLE approach.
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APPENDIX A: DERIVATION OF THE COUPLED EQUATIONS OF MOTION FOR THE REDUCED DENSITY MATRIX FOR THE SAME BATH CASE
In this section we present the derivation of coupled equation of motion for the same bath 
